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Given a fixed vocabulary and a set of variables, a first-order
language is generated by the following grammar:
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Tarski’'s semantics
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First-order logic

Definition

Given a fixed vocabulary and a set of variables, a first-order
language is generated by the following grammar:

al-@|leVe|eAe|Ixe | Vxp
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Tarski's semantics

for all x, Jy(x =y)

X +— a X+— b
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First-order logic

Skolemization (outside-in)

Normally we Skolemize a sentence from outside in. ..

VXEIy(X <yV3dz(y < z))

Vx([x < F(x) V f(x) < g(x)]
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First-order logic

Skolemization (inside-out)

But we can also Skolemize from inside-out.

Let U be a finite set of variables containing Free(y).

Sky(v) is @ (¢ atomic),
Sky(—y) is = Sky(v) (v» atomic),
Sky(p o) is  Sky(¥) o Sky(¥"),
Sky(Ix) is Subst(SkUU{X}(w),x, (1, - - ,y,,)),
Sky(Vxy) is  Vx Skyugxy (),

where y1, ..., Yy, enumerates the variables in U.
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Tarski’s semantics
Skolem functions

First-order logic

Skolemization (inside-out)

Vx3dy(x <y V3z(y < z))

) is y <g(x,y),
Sk{Xy}(x<yVE|zy<z) is x<yVy<g(x,y),

is x < f(x)VFf(x)<g(xf(x)).

Sk{x} [Ely(x <yV3dz(y < z)
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Tarski’s semantics
Skolem functions

First-order logic

Skolemization (inside-out)

Vx3dy(x <y V3z(y < z))

Vx{x < f(x) VIf(x) < g(x, f(X))}
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Dependence logic

Definition

Given a fixed vocabulary and a set of variables, an
independence-friendly (IF) language is generated by the following
grammar:
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Definition

Given a fixed vocabulary and a set of variables, an
independence-friendly (IF) language is generated by the following
grammar:

al-aloVeleAe| (Bx/W)e | (Yx/W)e
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IF logic Skolem semantics
Dependence logic

Trump semantics

A/ {x}) x=y

X +— a x+— b X+ a xX+— b

58S
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IF logic Skolem semantics
Dependence logic

Trump semantics

X+ a X+— b X +— a X+— b
Z—a Z+— a z— b Z+—a
ﬁb aﬁ% a b a b
X — a X +— b X a x+— b
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IF logic Skolem semantics
Dependence logic

Trump semantics

(3z/{x,y}) Rxyz

X+ a X+— b X +— a X+— b
yr—a yr—a y—b yr—a
S E &

o
X+ a X+ b X +— a X+— b
yr—a yr—b y—b y—b
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Trump semantics

(3z/{x,y}) Rxyz

X+ a X+— b X +— a X+— b
yr—a yr—a y—b yr—a
S E &

o
X+ a X+ b X +— a X+— b
yr—a yr—b y—b y—b
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Game-theoretic semantics
Trump semantics

IF logic Skolem semantics
Dependence logic

Skolem semantics

Definition

Let U be a finite set of variables containing Free(y).

Sky(v) is ¢ (% literal),
Sky(¢oy’) is  Sky(¥) o Skuy(¥'),
Sky((3x/W)p) is  Subst(Skyug (¥), X, faxywys (Y1, - - - ¥n)),
Sky((Vx/W)Y) is  Vx Skyupa (¥),

where yi, ..., y, enumerates the variables in U — W.
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Game-theoretic semantics
Trump semantics

IF logic Skolem semantics
Dependence logic

Skolem semantics

MET ¢ iff M* = Sk(p)

for some expansion M* of M to the vocabulary

L*=LU{fy: 9 e Subfs(yp) }.
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Game-theoretic semantics
Trump semantics
IF logic Skolem semantics

Dependence logic

Skolem semantics

VX(EIy/{x})X =y

Skixyy(x=y) s x=y,
Sk{x} [(Ely/{x})x
Sk[Vx(Ely/{x})x

y} is x=c,

y} is  Vx(x = c).
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Game-theoretic semantics
Trump semantics
IF logic Skolem semantics

Dependence logic

Skolem semantics

Ix(Vy/{x})x #y

Skixyp(x #y) s x#y,
Skpg | (/IxH)x £ | is Wy(x £ ),
Sk[EIx(Vy/{x})x #* y} is Vy(c#y).
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Game-theoretic semantics
Trump semantics

IF logic Skolem semantics
Dependence logic

Skolem semantics

Vx3z(3y /{x})x =y,

Skixy,zp(x =y) is x=y,
SKie.zy | (By/{x})x
Sk [32(3y/x})x
Sk |vx3z 3y /{x})x

y| is x=g(2),

|
y| s x=e(f(),
} is Vx[x:g(f(x))]

y
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Trump semantics

IF logic Skolem semantics
Dependence logic

Skolem semantics

VxEIy(EIz/{X7 y}) R(x,y, z),
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Game-theoretic semantics
Trump semantics

IF logic Skolem semantics
Dependence logic

Skolem semantics

VxEIy(EIz/{X7 y}) R(x,y, z),

SKixy.z} (R(x,y,2)) is R(x,y,2),
SKpewt |32/ yDR(x,y,2)] is R(x,y.<),
Skp |3y (32/{x yDR(x,y,2)] is R(x F(x).<),
Sk[vxay(az/{x,y}) R(x,y, z)} is Vx R(x, f(x), c).
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Game-theoretic semantics
Trump semantics

IF logic Skolem semantics
Dependence logic

Skolem Semantics
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Game-theoretic semantics
Trump semantics

IF logic Skolem semantics
Dependence logic

Infinity

Definition

An structure is (Dedekind) infinite if there exists a non-surjective
injection from the universe to itself.
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IF logic Skolem semantics
Dependence logic

Infinity

Let poo be the sentence,

Iwvx(Jy {w}) (Bz/{w,x})[z=x Ny # w]
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Game-theoretic semantics
Trump semantics

IF logic Skolem semantics
Dependence logic

Infinity

Let poo be the sentence,
Iwvx(Jy {w}) (Bz/{w,x})[z=x Ny # w]
The Skolemization of ¢ is obtained in stages:

zZ=xXANy # w,

(Y)=xAy#w,
=xAf(x) #w,

(x))
(x)) = x A F(x) # w],
() = x A F(x) # |-

o
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IF logic Skolem semantics

Dependence logic

e An involution is a function that satisfies f(f(x)) = x for all x
in its domain.
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Game-theoretic semantics
Trump semantics

IF logic Skolem semantics
Dependence logic

e An involution is a function that satisfies f(f(x)) = x for all x
in its domain.

@ A finite structure has an even number of elements if and only
if there is a way of pairing the elements without leaving any
element out, i.e., if there exists an involution without a fixed
point.
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Let weven be the IF sentence

VxVy (Ju/{y}) (3v/{x, u}) |:(X =y —>u=yv)

ANu=y—v=x)
/\u;éx].
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Game-theoretic semantics
Trump semantics
IF logic Skolem semantics

Dependence logic

Let weven be the IF sentence

VxVy (Ju/{y}) (3v/{x, u}) |:(X =y —>u=yv)
ANu=y—v=x)
Au# x].
The Skolemization of Weyen is
wxvy [ (x = y = f(x) = £(»))
Af(x) =y — gly) =x)
A f(x) # X}.
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Game-theoretic semantics
Trump semantics

IF logic Skolem semantics
Dependence logic

Example (cont.)

The Skolemization of @eyen,

Wxvy [ (x =y = F(x) = &())
A(F(x) =y — gly) =x)
AF(X) # x|
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Game-theoretic semantics
Trump semantics

IF logic Skolem semantics
Dependence logic

Example (cont.)

The Skolemization of @eyen,
VxVy[(X =y — f(x) = g(y))

A(f(x)=y — gly) =x)
A f(x) ;éx},

can be simplified to

Vx[f(f(x)) =x A f(x) # x]
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Given a fixed vocabulary and a set of variables, a language of
dependence logic is generated by the following grammar:
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Trump semantics

IF logic Skolem semantics
Dependence logic

Definition

Given a fixed vocabulary and a set of variables, a language of
dependence logic is generated by the following grammar:

al=(t,....,t) | "d|loVe|eAep|Ixp | Vxp
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Game-theoretic semantics
Trump semantics

IF logic Skolem semantics
Dependence logic

Semantics

M, X =" =(t1,...,t,) iff any two assignments s,s’ € X
whose evaluations of
the tuple (t1,...,t,—1) coincide
assign the same value to t,.
M, X =~ =(t1,...,t,) iff X is the empty team.
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Game-theoretic semantics
Trump semantics

IF logic Skolem semantics
Dependence logic

Matching Pennies

Definition

In particular, the dependence atom =(t) asserts

M, X =T =(t) iff everyse X

assigns t the same value.
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